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Abstract—In water flow in porous media such as earth dams, 

the location of free surface as a boundary between saturated 

and partially saturated zones is of a great importance. The 

well-developed finite-element and finite-difference methods are 

the most popular techniques to locate the free surface of water. 

Each of which is of merits and drawbacks. In this paper, a new 

numerical scheme so called the scaled boundary finite-element 

method (SBFEM) is employed. This technique combines the 

advantages of both finite-element method (FEM) and boundary 

element method. Only the boundary is discretized, anisotropic 

materials and non-homogenous materials satisfying similarity 

can be modeled without additional computational efforts. Two

examples are addressed and the results are compared with the 

results obtained from the FEM. High accuracy and versatility

of the SBFEM is demonstrated. The procedure can be directly 

applied to other engineering problems with moving boundaries 

such as ice melting.

Index Terms—Free surface, seepage, scaled boundary 

finite-element method, unconfined flow.

I. INTRODUCTION

Analysis of seepage flow problems has been the focus of 

water flow in porous media. Various theories and 

investigations were put forward to deal with the seepage 

phenomenon. The quantity of water flowing through a soil 

and the forces associated with this flow is crucial to the 

design of various civil engineering structures such as 

foundations, earth dams, concrete dams, and retaining walls. 

Various methods such as analytical methods, graphical 

methods, electrical analogies and numerical methods are 

employed to analyze the seepage problems. Analytical 

methods are limited to the problems of simple geometry and 

material properties. For many cases in engineering practice 

seepage flow has to be modeled numerically. The most 

widely used computational techniques in continuum 

mechanics are the finite-element method (FEM), the 

boundary element method (BEM) and the finite-difference 

method (FDM). A brief summary of the existing literature 

with particular emphasis on seepage flow is presented in the 

following.

Brebbia and Chang [1] used the boundary element

method to analyze seepage flow problems in porous media, 

such as foundation of concrete dams. The results of their 

study show the range of applications of the technique. In 

general, the results obtained using boundary elements tend to 

Manuscript received October 3, 2013; revised November 30, 2013. This 

work was supported in part by Yasouj University under Grant R177.

M. H. Bazyar is with the Geotechnical Engineering in Department of 

Civil Engineering, Faculty of Engineering, Yasouj University, Yasouj, Iran

(e-mail: mhbazyar@yu.ac.ir ).

A. Talebi is with the Yasouj University of Geotechnical Engineering at

Yasouj University, Iran (e-mail: abas_taleby@yahoo.com ).

be more accurate than those due to finite elements. Also the 

results of this study demonstrated that the computational 

effort of this method is less than that of the finite-element 

method. Chen et al. [2] derived a dual integral formulation 

with a hype-singular integral to solve the boundary value 

problem with singularity arising from a degenerate boundary. 

They analyzed a seepage flow under a dam with sheet piles to 

check the validity of the mathematical model. Jie et al. [3] 

presented a finite-difference method based on 

boundary-fitted coordinate (BFC) to deal with the practical 

steady seepage in foundation pit and in lock foundation. The 

applications of BFC transformation method demonstrated its 

advantage in closely simulating the physical domain with 

complex geometrical boundaries.

The problem of unconfined seepage with a free surface 

has been solved in the past following two main approaches 

using adaptive or fixed meshes. The former [4]-[6] consists 

of assuming an initial position of the free surface and solving 

the seepage problem in the computational domain. Boundary 

conditions to be applied on free surface are zero normal 

fluxes. As the computed pressures on the free surface will not 

be zero, the position of nodes belonging to it should be 

modified accordingly, i.e., nodes with pressures higher than 

zero will move upwards and vice versa. The problem is 

solved again using the modified free surface and 

computational domain. The process continues until 

convergence is achieved. Fixed grid methods such as those 

proposed by Desai [7] and Bathe and Khoshgoftaar [8] solve 

the problem by introducing a variable permeability which is 

made zero (or a value close to it) whenever pore pressure is 

less than zero. The problem is solved in an iterative manner.

Based on the extended pressure method proposed by 

Brezis et al. [9], Lacy and Prevost [10] and Borja and 

Kishnani [11] developed a finite-element procedure to 

accurately locate the free surface of unconfined seepage flow 

through porous media. As presented by Lacy and Prevost 

[10], the free surface is taken as the boundary between wet 

and dry soils, with flow in the saturated region characterized 

by Darcy's law. The seepage problem is solved on the known 

physical domain of the earth structure. A penalty procedure is 

used to control the pressure above the free surface. The 

procedure allows solution for non-homogeneous materials 

and complex geometrical shapes. A finite-difference 

approach applicable to spreadsheet calculations is proposed 

by Bardet and Tobita [12] for the solutions of unconfined 

seepage with an unknown free surface. This method is based 

on the extended pressure method for free surface seepage 

problems. The finite difference equations were derived using 

flux conservation, which is applied to a wide variety of 

boundary conditions and anisotropic and layered 

permeabilities. The main advantage of this method is that it 

does not require the formation and reformation of a global 

matrix system to solve nonlinear systems of equations. 
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Simplicity of this method in comparison with the methods 

proposed by Lacy and Prevost [10] and Borja and Kishnani 

[11] is another advantage of this method. One of its 

disadvantages is that the number of iterations to converge 

increases proportionally with the number of equations.

Leontiev and Huacasi [13] proposed a mathematical 

programming technique for numerical simulation of 

unconfined flow through porous media. Considering the 

original free boundary problem as a shape optimization 

problem, they performed boundary elements discretization. 

Taking the state variable and free boundary variable as 

independent variables, they treated the discretized problem as 

nonlinear mathematical program and applied interior point 

algorithm to solve it.

Each of the above mentioned numerical methods has their 

own merits and drawbacks and generally speaking, which of 

these methods is better depends on the specified problem 

involved. Some of defects of these methods are expressed in 

the following.

The FEM has to truncate the computational domain when 

dealing with unbounded domain problems, leading to a 

reduction in accuracy. For modeling the stress (or velocity) 

singularity in the vicinity of sharp re-entrant corners, the 

FEM solution converges rather slowly. Moreover in FEM we 

must discretize the whole computational domain. The FDM 

usually requires that the grid is structured. Consequently, 

coordinate-mapping techniques or adaptive meshing 

algorithms are needed to solve problems with complicated 

geometries. In addition, there is no straightforward way to 

verify the accuracy of a solution, and the scheme is prone to 

certain types of numerical instabilities, which require 

artificial corrections. Also, the FDM is unable to handle 

sharp re-entrant corners very well, and similar to the FEM the 

whole domain must be discretized. The BEM needs to 

evaluate singular integrals, which can be very complicated at 

times. Also in this method, the matrix of the linear algebraic 

equation system is dense, resulting in an increase in 

computation costs. The generation of the discrete matrix is 

rather expensive computationally, compared with the FEM, 

unless the fundamental solution is very simple. Moreover, the 

BEM suffers numerical difficulties near sharp re-entrant 

corners and modeling non-homogeneous and anisotropic 

media.

It is the goal of this paper to apply the so-called scaled 

boundary finite-element method to the analysis of free 

surface flow in porous media such as flow in earth dams. As 

will become apparent, the restrictions associated with the 

procedures mentioned above are not present in this method.

The outline of the paper is as follows. The scaled 

boundary finite-element concept is stated in Section II. In 

Section III, the governing equations of seepage flow are 

outlined. Sections IV and V outlines the scaled boundary 

finite-element formulation and solution procedures for 

seepage flow in porous media. Numerical examples are 

addressed in Section VI followed by conclusions in Section 

VII.

II. SCALED BOUNDARY FINITE-ELEMENT METHOD

The scaled boundary finite-element method, a 

fundamental-solution-less boundary element method, is an 

attractive alternative to the numerical schemes in 

computational mechanics. It not only combines some 

important advantages of the finite-element and boundary 

element methods but also has its own salient features. The 

method was developed by Wolf and Song [14]. In recent 

years, further development of the method has been performed 

for different fields of physics, such as elasto-dynamics [15], 

diffusion [16], potential flow [17] and wave propagation [18]. 

The SBFEM is based on the finite-element technology so that 

it does not require fundamental solutions. The radiation 

condition at infinity is satisfied rigorously. Like the boundary 

element method only the boundary is discretized reducing the 

spatial discretization by one and leading to the increase of 

computational efficiency. Problems involving stress 

singularities and discontinuities can be modeled accurately. 

Anisotropic media can be handled without additional 

computational efforts. In the scaled boundary finite-element 

method, a so-called scaling center O is chosen in a zone from 

which the total boundary other than the straight surfaces 

passing through the scaling center must be visible (See Fig. 1.

(a). Only the boundary S directly visible from the scaling 

center O is discretized as shown in Fig. 1. (a). In two 

dimensional problems one-dimensional line elements are 

used (Fig. 1. (b). The straight surfaces passing through the 

scaling center (side faces) and the interfaces between 

different materials are not discretized (Fig. 1. (a). The 

geometry of an element on the boundary is interpolated using 

the shape functions in the same way as in the finite-element 

method. The geometry of the domain V is described by 

scaling the boundary with the dimensionless radial 

coordinate ξ pointing from the scaling center to a point on the 

boundary (Fig. 1. (a). The radial and circumferential

coordinates ξ and η form the scaled boundary coordinates. As 

the local coordinate η form the boundary, the shape functions 

only depend on the circumferential coordinate η which is 

defined within a range -1 ≤ η ≤ 1. The dimensionless radial 

coordinate ξ is defined within a range   0 ≤ ξ ≤ 1 for bounded 

domains and 1 ≤ ξ < ∞ for unbounded domains.

In this method the governing equations are handled in the 

strong form in the radial direction and in the weak form in the 

other directions, which form the boundary of the considered 

domain. The weak form is treated by a finite-element 

approximation and the strong form leads to a set of ordinary 

differential equations being solved via an eigen-value 

problem. The solution procedure leads to a boundary 

stiffness matrix giving the linear relation between nodal 

heads and fluxes on the boundary. In a second step, the 

potential heads within the domain can be calculated 

analytically with the knowledge of the heads on the 

boundary.

III. GOVERNING EQUATIONS OF SEEPAGE FLOW IN POROUS 

MEDIA

In this section governing equations for seepage problems 

are summarized. Seepage flow in two-dimensional problems 

is governed by the Laplace equation. If we present the 

potential function by   ),(, yxkhyx  , the Laplace equation 

may be expressed as
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(a)

(b)
Fig. 1. (a) Spatial discritization for a bounded domain in the scaled boundary 

finite-element method; (b) three-node line elements to be used on the 

boundary.

                                     0),(
2

 yx                               (1)

Using the relation between the potential head and the 

velocity in two directions, the velocity vector is expressed as

                                       yxv ,                                 (2)

On the boundary of the domain either the value of the 

potential or the flow velocity must be specified. Designating 

the entire boundary by  , the potential boundary by  and 

the velocity boundary by  , the boundary conditions may 

be specified as

                                        on                                 (3)

                               v
n





    on 

v                              (4)

IV. SCALED BOUNDARY FINITE-ELEMENT FORMULATION

As mentioned in Section II, in the scaled boundary 

finite-element method, the geometry of the domain must be 

transformed from Cartesian coordinates to the scaled 

boundary coordinates. A typical boundary element on the 

part of the boundary 
eS (superscript e for element) is shown 

in Fig. 1. (a). For a two-dimensional problem, the nodal 

coordinates of an element in the Cartesian coordinate system 

are arranged in }{},{ yx . The geometry of the isoparametric 

boundary element is interpolated using the shape functions 

)]([ N formulated in the local coordinate η. A point  yx ˆ,ˆ

inside the domain V is expressed as

                                 xNxx  ˆ                        (5a)

                                 yNyy  ˆ                      (5b)

Fig. 2. Potential heads in domain by interpolation of nodal potential head 

functions.

Using the above transformations, the geometry of the 

domain is transformed to the scaled boundary coordinates. 

Along the radial lines passing through the scaling center O
and a node on the boundary, the nodal head functions

)}({ h
are introduced. The potential head at a node ),( 

is interpolated from potential head functions )}({ h as 

shown in Fig. 2.

                           )}({)},({  hNh                           (6)

Using conventional techniques, the operator  can be 

mapped to the scaled boundary coordinates [17] as

                              
















1
21 bb                     (7)

where )]([ 1 b and )]([ 2 b are dependent only on the boundary 

of the domain. Substituting Eqs. 6 and 7 into

Eq. 2, the approximate velocities can be expressed in terms of 

the scaled boundary coordinates as

                )}({
1

)}({)},({ 21

, 


  hhh BBv        (8)

where

                                 NbB 11                          (9a)

                                  .
22 NbB                   (9b)

The weighted residual method is employed to perform the 

finite-element approximation and derive the scaled boundary 

finite-element equations for seepage flow. Applying the 

weighted residual method to the governing equations and

introducing the following coefficient matrices

                       


dJBkBE
T


110        (10a)

                       


dJBkBE
T


121      (10b)
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dJBkBE
T


222            (10c)

The scaled boundary finite-element equation for seepage 

flow is derived as

             

 

      
  )}({)}({             

)}({

)}({

2

110

0

,

,

2











sh

h

T

h

FE

EEE

E







    (11)

Hydraulic conductivity matrix ][k may be expressed as

                                   













y
k

x
k

k
0

0
                             (12)

Note that the coefficient matrices ][ 0E , ][ 1E and ][ 2E

are independent of ξ. ][ 1E is positive definite and ][ 2E is 

symmetric. Having calculated the above coefficient matrices 

for one element, in the same way as in the finite-element 

method, the assembled coefficient matrices of the whole 

boundary are determined.

V. SOLUTION PROCEDURES

If curve S in Fig. 1. (a) is closed, the side faces coincide 

and the flow across the side faces is equal so the term   sF

vanishes. This term also vanishes if the side faces are 

impermeable. When   sF is equal to zero, Eq. 11 becomes 

a homogeneous set of Euler–Cauchy differential equations as

              

 

      
  0)}({              

)}({

)}({

2

110

0

,

,
2

















h

h

T

h

E

EEE

E

       (13)

whose solution may be found in the form

                    ...)}({ 2211
21 

  
cch           (14)

where the exponents 
i and corresponding vectors  i

may be interpreted as independent modes of potential closely 

satisfying internal equilibrium in the ξ direction. The flows 

into the domain required at the boundary nodes by each 

potential, are expressed as

                   
    

  )}({

)}({

1

0

,



 

h

T

h

E

Eq




            (15)

The homogeneous second-order differential equations in 

Eq. 13 with n unknown potential head functions are 

transformed to the first-order ordinary differential equations 

with 2n unknowns by introducing the variable

                              
  
  














q
X

h                           (16)

This results in the first-order differential equations

                               XZX ,
                     (17)

with the coefficient matrix

          
     

         


















11

11

011012

010

EEEEEE

EEE
Z

T

T

(18)

][Z is a Hamiltonian matrix which occurs in the solution of 

algebraic Riccati equations. Substituting the formal solution 

of   X

                                   iiX  
                            (19)

into Eq. 17 leads to the eigen-problem of matrix [Z] as

                                     iiiZ                             (20)

The eigen-values and eigen-vector matrices are partitioned 

conformably as

             
   
   

 
 




















p

n

qq

hh
Z






21

21
     (21)

The real parts of all terms of  n are negative and of  p

are positive. With the transformed functions   w defined 

in         wX  , the transformation in Eq. 21 decouples Eq. 

17 as

                              iii ww ,                       (22)

whose general solution is equal to   i

ii cw
 

 . Using this 

solution, definition of   w and the partition of the 

eigen-values and eigen-vectors in Eq. 21, the solution of 

Eq. 17 is written as
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      (23)

The general solutions for potential heads and nodal 

internal fluxes are obtained from Eqs. 16 and 23 as

                      2211 cc
pn

hhh





     (24)

                      2211 ccq
pn

qq





       

(24.b)

To obtain a finite solution at the scaling center,  2c must 

be equal to zero leading to
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                           11 cn

hh





                (25a)

                           11 cq n

q





                    (25b)

Relation between potential head and flux, on the boundary 

is expressed as

                         11   hKq                      (26)

The stiffness matrix on the boundary is obtained by 

substituting Eqs. 25a and 25b into Eq. 26 as

                                1

11


 hqK                           (27)

Once the nodal potentials are determined through Eqs. 26

and 27, the entire potential field can be calculated by 

Eqs. 25a and 25b.

VI. NUMERICAL EXAMPLES

Two examples are examined to verify the accuracy and 

applicability of the method. A computer program in Matlab

environment has been written to implement the SBFE 

formulations. The finite-element commercial software 

Geo-Studio is employed for FE analyses to validate the 

accuracy of the results obtained from the SBFEM.

A. Seepage Flow through an Isotropic Earth Dam

An example of unconfined flow in an earth dam with tail 

water is shown in Fig. 3. (a). In this example the isotropic 

material is assumed for the earth dam. Coefficient of 

hydraulic conductivity 0.221 /x yk k k m day   is considered

in the calculations. The water reservoirs on the left and right 

side of the dam are at heights of 18m and 0m,  respectively. 

The primary SBFE mesh consist of 37 three-node line 

elements and 74 degrees of freedom is shown in Fig. 3. (b). 

An adaptive mesh procedure is used to obtain the free surface. 

The mesh obtained in the last iteration is shown in Fig. 3. (c).

Fig. 3. (d). shows the comparison of free surfaces obtained by

the SBFEM and FEM. There is an excellent agreement 

between SBFEM and FEM results demonstrating the 

accuracy of the SBFEM for simulating unconfined seepage 

flow and capturing the free surface. 

B. Seepage Flow through an Anisotropic Earth Dam

One of the advantages of SBFEM is that it can be directly 

applied to anisotropic materials without additional 

computational costs. As the second example to show the 

versatility of the model in handling anisotropic materials, the 

seepage flow through an anisotropic earth dam is addressed. 

The geometry of problem is shown in Fig. 4. (a). For this 

problem material properties 4 1 /x yk k k m day   are 

considered. The water levels on the up-stream and 

down-stream of the dam are assumed 18m and 8m, 

respectively, as shown in Fig. 4. (a). Again an adaptive mesh 

with trial and error analysis is carried until the convergence is 

gained. The SBFE mesh used in the first iteration consisting 

of 34 three-node line elements and 68 degrees of freedom is 

shown in Fig. 4. (b).

(a)

(b)

(c)

(d)

Fig. 3. Seepage through an isotropic earth dam; (a) dam geometry, (b) first 

trial SBFE mesh, (c) last trial SBFE mesh, (d) free surface.

(a)

(b)

(c)

(d)

Fig. 4. Seepage flow through an anisotropic earth dam; (a) dam geometry, (b) 

first trial SBFE mesh, (c) last trial SBFE mesh, (d) free surface.

At the end of analysis, the mesh obtained in the last 

iteration is shown in Fig. 4. (c). Fig. 4. (d). shows the free 
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surface obtained by the SBFEM compared with the results 

computed from the FEM. Excellent agreement between the 

SBFEM and FEM results is observed. 

VII. CONCLUSIONS

In this paper a new computational scheme so called the 

scaled boundary finite-element method is employed to 

capture free surface in seepage flow in porous media. This 

technique which is a semi-analytical approach combines the 

advantages of both finite-element and boundary element 

methods. Only the boundary is discretized, no fundamental 

solution is required, unbounded domains and singularity 

points are modeled rigorously, anisotropic materials and 

non-homogenous materials satisfying similarity can be 

modeled without additional computational efforts. The

formulation and solution procedures of the method for 

solving unconfined seepage problems are presented. As only 

the boundary is discretized fewer elements are needed in the 

SBFEM than the standard FEM. Results of this study 

illustrate the accuracy and applicability of the method in 

modeling free surface flow in porous media. The procedure 

can be directly applied to other engineering problems with 

moving boundaries such as ice melting and contaminated 

flows.


