
 

Abstract—In this paper, the performance of a distillation 

column with a multicomponent hydrocarbon mixture as a feed 

is theoretically studied. The rigorous solution technique 

namely the inside out method has been used to predict the 

performance of the system under study. The mathematical 

model of the inside out method has been developed and 

detailed simulation studies have been carried out to predict the 

performance of the separation of multicomponent 

hydrocarbon mixture. In simulation studies, temperature 

profile, composition profile and flow rates of both liquid and 

vapor phases has been computed. The column profiles 

computed using inside out method have been compared with 

the profiles obtained using bubble point method, Lewis-

Matheson method  and a SCDS column in  CHEMCAD 

process simulator. The effect of feed location on the column 

performance has been studied and an optimum feed location 

has been determined. The condenser and reboiler duties for 

the column have also been calculated. The convergence 

behavior of the inside out method has also been studied by 

plotting a profile of its convergence parameters. 
 

Index Terms—Equilibrium stage distillation, hydrocarbon 

separation, inside out method, multicomponent mixture, two-

tier algorithm. 

 

I. INTRODUCTION 

Distillation is one of the popular separation technologies 

and its application extends to a wide variety of process 

industries. Theoretical investigation on the performance of 

multicomponent distillation column is the basis for its 

design and development. The rigorous methods such as the 

Lewis-Matheson (LM) method [1], the Thiele- Geddes (TG) 

method [2] are used for rigorous calculation of 

multicomponent separation using multistage distillation 

column. These methods are based on equation tearing 

procedures. Friday and Smith [3] studied various equation 

tearing procedures and revealed that there is no single 

equation tearing procedure which could solve different 

kinds of problems. Friday and Smith [3] further suggested 

that bubble point method and sum rates methods be used for 

narrow boiling and wide boiling feeds respectively.  Boston 

& Sullivan [4] and Naphtali & Sandholm [5] have proposed 

more robust methods viz inside out method and Newton 

Raphson method respectively and are useful to solve 

complicated models. 
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Suitable choice of iteration variable in the inside out 

method results in relatively small number of model 

equations and hence require less computer memory and 

computation time as compared to Newton Raphson method. 

Simandl and Svrcek [6] present a comparison of 

convergence time required for inside out method and 

Newton Raphson method. The analysis reveals that inside 

out method has a faster convergence time. 

Therefore from above discussion, it is clear that inside out 

approach is the preferred choice for simulating multistage 

liquid vapor separators and is considered for study in this 

paper. 

To understand the detailed state of the art of the inside 

out method, literature survey has been carried out and 

presented below. 

Boston and Sullivan [4] proposed a new algorithm for 

steady state solution of the equations that describe 

multicomponent, multistage separation processes. The 

algorithm has been found to be exceptionally stable and 

efficient. Boston [7] discussed the challenges faced in 

solving models using class I methods namely bubble point 

and sum rates method and class II methods namely Newton 

Raphson method. Subsequently a detailed simulation 

approach of inside out method for multicomponent 

multistage liquid vapor separator has been presented. 

Russell [8] suggested changes to the inside out method by 

using a quasi-Newton approach to achieve all enthalpy 

balance and performance specifications directly. Saeger and 

Bishnoi [9] suggested a modified inside out algorithm for 

highly non ideal liquid solutions using a two parameter 

activity coefficient model. Jelinek [10] extends the methods 

suggest by Russell [8] by providing a detailed methodology 

and discusses certain advantages and potential shortcomings. 

Shan et al. [11] suggests a method to efficiently solve 

tridiagonal matrices containing off band elements. These 

suggestions make solving columns with side strippers and 

pump around much easier.  

From above mentioned literature survey it is clear that 

researchers across the world are striving to simplify the 

inside out algorithm to be used for the simulation of 

multicomponent distillation column.  

 

II. INSIDE OUT METHOD 

The inside out method was first presented by Boston and 

Sullivan [4] as a new class of method for solving multistage 

multicomponent distillation. It was initially applicable only 

for the separation of an ideal hydrocarbon feed but its 

capabilities were greatly extended to various complicated 
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systems as studied by Russell [8], Jelinek [10], Simandl & 

Svrcek [6], Trevino & Kisala [12], Saeger and Bishnoi [9] 

and Shan et al. [11]. The inside out method can currently 

solve for any multicomponent multistage liquid vapor 

separation like distillation, absorption, stripping and 

reboiled absorption. The method is very robust and permits 

a range of allowable specifications. Also the method has 

been found to be insensitive of initial estimates and 

exceptionally stable. The method is known to converge for 

difficult separation problems where traditional methods like 

Thiele-Geddes [2] and Lewis-Matheson [1] fail and is 

known to be just as efficient as any other technique while 

solving simple columns.  

To further understand the methodology of inside out 

method, a mathematical model of a single stage liquid vapor 

separator at steady state has been presented below. 

A. The Mathematical Model 

The model presents a cascade of N counter current stages 

with the following assumptions 

1) All stages are equilibrium stages. 

2) Kinetic and potential energy changes in the system 

are ignored. 

3) There is no entrainment of liquid or trapping of 

bubble vapor in liquid. 

Diagram of a single stage out of N stages in the cascade is 

given in Fig. 1 below. 

 
Fig. 1. Equilibrium stage. 

 
Fig. 2. Cascade of N equilibrium stages. 

MESH Equations: 

The model has been developed by writing material-

balance, energy-balance, summation relations and 

equilibrium relations for each stage. These equations are 

collectively known as the MESH equations. The MESH 

equation for inside out method, presented here uses 

volatility and stripping factors along with enthalpy to model 

a steady state continuous liquid vapor separator. The 

diagram of a cascade of N stages has been given in Fig. 2 

below for a continuous steady state separator. 

The following variables are defined to be used in the 

MESH equations 

Relative volatility:     𝛼𝑚,𝑛 =
𝐾𝑚,𝑛

𝐾𝑏,𝑛
 

Base component stripping factor:      𝑆𝑏,𝑛 =
𝐾𝑏,𝑛∗𝑉𝑛

𝐿𝑛
 

Withdrawal factor for liquid phase:  𝑅𝐿𝑛
= 1 +

𝑈𝑛

𝐿𝑛
 

Withdrawal factor for vapor phase:  𝑅𝑣𝑛
= 1 +

𝑊𝑛

𝑉𝑛
 

The MESH equations to be used for the inside out method 

are as follows: 

Material balance for each component at each stage (M-

equations) 

      −𝑓𝑚,𝑛 = 

𝑙𝑚,𝑛−1 − (𝑅𝐿𝑛
+ 𝛼𝑚,𝑛𝑆𝑏,𝑛𝑅𝑣𝑛

)𝑙𝑚,𝑛 +  (𝛼𝑚,𝑛+1𝑆𝑏,𝑛+1)𝑙𝑚,𝑛+1 (1) 

Phase equilibrium relations at each stage (E-equations) 

𝑣𝑚,𝑛 = 𝛼𝑚,𝑛𝑆𝑏,𝑛𝑙𝑚,𝑛                         (2) 

Summations of component liquid and vapor flow (S-

equations) 

𝑉𝑛 =  ∑ 𝑣𝑚,𝑛
𝑐
𝑚=1                                  (3) 

𝐿𝑛 =  ∑ 𝑙𝑚,𝑛
𝑐
𝑚=1                              (4) 

Energy/Enthalpy balance at each stage(H-equations)  

𝐻𝑛 =  ℎ𝐿𝑛
𝑅𝐿𝑛

𝐿𝑛 +  ℎ𝑉𝑛
𝑅𝑣𝑛

𝑉𝑛 − ℎ𝐿𝑛−1
𝐿𝑛−1 − ℎ𝑉𝑛+1

𝑉𝑛+1 − 

ℎ𝐹𝑛
𝐹𝑛 − 𝑄𝑛 = 0                            (5) 

B. Simulation Studies Using Inside out Method 

Fig. 3 presents the proposed solution methodology for 

inside out method. The initialization procedure to obtain 

estimates is similar to bubble point [13] method and sum 

rates [14] methods.  

C. Operating Mode 

In order to test the model presented, a simulation has 

been run on the problem statement given below by writing a 

C code. A damping factor of 1.2 has been used to accelerate 

convergence. The results obtained are compared with 

Lewis-Matheson method [1] and bubble point method [13] 

and process simulator CHEMCAD to validate the model. 

The problem statement is taken from Smith [15].  

The study has been carried out with 11 bubble cap tray 

column and a partial reboiler. Consequently, the number of 
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corresponding theoretical trays is 10 with a feed at middle 

tray. The column has the maximum top vapor capacity of 

1.75 times the volume of feed to be handled. The column 

operates at the pressure of 120 psia. The feed is at its bubble 

point and has the average composition provided in Table I. 

The D/F ratio is given as 0.489.  

 

 

 

Fig. 3. Proposed flowchart for inside out method. 

Calculate new values of primitive variables Ln , Vn, Tn, 

xm,n, ym,n  and relative volatilities αm,n 

Solve mass balances to obtain liquid component flow rates using 

Thomas algorithm. Calculate vapour component flow rate using phase 

equilibrium relation 

 

Provide initial estimates and 

calculate outer loop parameters 

by using initialization 

procedure 

Calculate Total flow rates using summation and 

stage temperatures using Kb method 

 

Evaluate enthalpies of all streams. Solve for energy balances and specification equations 

using Newton Raphson technique. The natural logarithms of stripping factors are used 

as iteration variables along with natural logarithms of withdrawal factors 

 

 

Do an inside loop convergence check 

Norm =   , Norm<0.0001 for convergence. 

f(x) is an enthalpy function or a specification function. 

Update iteration 

variables using 

simultaneous correction. 

 

Perform an outer loop convergence check 

 

Where volcrit = 0.002* Total number of stages (N) 

Update outside 

loop parameters 

using the 

procedure 

mentioned in the 

initialization 

section 

Converged  

Inner Loop 
Outer Loop 

Yes 

Yes 

No 

No 
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Further it is mentioned that column will only be operated 

ifless than 7 mol% i-C5is present in the overhead and less 

that 3 mol% n-C4is present in the bottoms. 

1) Expressions for K-values and enthalpy 

The expressions used for K-values and enthalpy have 

been obtained by fitting values from data tables over a range 

of temperatures and at a given pressure 

2) Expression for K values 

K(propane) = (0.00007*T*T)- (0.003*T) + 1.441 

K(i-butane) = (0.00005*T*T) – (0.002*T) + 0.531 

K(n-butane) = (0.00005*T*T) – (0.006*T) + 0.745 

K(i-pentane) = (0.00003*T*T) – (0.004*T) + 0.438 

K(n-pentane) = (0.00003*T*T) – (0.004*T) + 0.327 

3) Expression for liquid enthalpy 

Hl (propane) = ((0.061*T*T) + (18.43*T)+5056)*2.2*1.055 

Hl (i-butane) = ((0.045*T*T) + (24.31*T)+5938)*2.2*1.055 

Hl (n-butane) = ((0.027*T*T) + (30.12*T) + 5963) 

*2.2*1.055 

Hl (i-pentane) = ((0.047*T*T) + (28.61*T) + 7237) 

*2.2*1.055 

Hl (n-pentane) = ((0.049*T*T) + (29.17*T)+7438) 

*2.2*1.055 

4) Expression for vapor enthalpy 

Hv (propane) = ((-0.009*T*T) + (27.74*T) + 11478) 

*2.2*1.055 

Hv (i-butane) = ((0.039*T*T)+(11.98*T)+14902)*2.2*1.055 

Hv(n-butane) = ((0.045*T*T)+(8.686*T)+16582)*2.2*1.055 

Hv (i-pentane) = ((0.063*T*T) + (4.127*T) + 20458) 

*2.2*1.055 

Hv (n-pentane) = ((0.00*T*T)+(28*T)+19300)*2.2*1.055 

where temperature T is in 
o
F and liquid and vapor enthalpy 

Hl and Hv are in J/mol. 

 

III.   SOLUTION PROCEDURE 

The model equations were solved for by writing a C code. 

The material balances were solved using Thomas algorithm 

and the energy balances were solved using simultaneous 

correction. The results obtained are vapor flow rate, liquid 

flow rate, temperature and composition of both phases at 

each stage along with condenser and reboiler duties. The 

model required three outer loop iterations to converge. 

A. Convergence Criteria for Inner and Outer Loop 

Table II presents the convergence criteria for inner and 

outer loop. The inner loop convergence is based on how 

close to zero the values of enthalpy and discrepancy are at 

each stage while outer loop converges is based on closeness 

of values of relative volatilities between two successive 

iterations.  

 
TABLE II: CONVERGENCE CRITERIA FOR INNER AND OUTER LOOP  

Inner loop Outer loop 

norm =
|∑ 𝑓(𝑥)2𝑛

1 |
1/2

𝑁

<0.0001 [16] 

 
where f(x) is either the 

enthalpy function Hn or the 

discrepancy function D1 and 
D2. 

∑ ∑
(𝛼𝑚,𝑛

𝑘+1−𝛼𝑚,𝑛
𝑘)

(𝛼𝑚,𝑛
𝑘)

2
𝑐
𝑚=1

𝑁
𝑛=1 <

𝑣𝑜𝑙𝑐𝑟𝑖𝑡[6] 
 

where volcrit = 0.002* Total number 
of stages (N) 

𝛼𝑚,𝑛 is the relative volatility of components with respect 

to a base component.  

 

IV.   RESULTS AND DISCUSSION 

This section provides the column profiles for temperature, 

vapor & liquid composition and flow rates along with   

inner and outer loop convergence parameters. Further it also 

compares the result obtained from inside out approach with 

results obtained using bubble point method [13] and Lewis 

Matheson method [1]. Simulation results from a process 

simulator namely CHEMCAD has also been compared with 

inside out results. All the results are presented in the section 

below. 

A. Profile of Inner and Outer Loop Convergence 

Parameters 

Fig. 4 presents the profile for the inner loop convergence 

parameter (Norm).  It is noted from Fig. 4, that after the first 

iteration, a steep drop is observed in the Norm value, 

followed by its gradual decrease. As mentioned by Simandl 

and Svrcek [6] the inner loop convergence exhibits creeping 

as it approaches the final solution. 

 
Fig. 4. Inner loop convergence profile. 

 

Fig. 5 presents the profile for the outer loop convergence 

parameter (Volcrit). The outer loop are used to update 

parameters used by the inside loop for solving MESH 

equations. It can be observed that the outer loop is run 

infrequently as compared to the inner loop. 

B. Temperature Profile in the Column 

Fig. 6 shows the comparison between the simulated 

stage-wise temperatures and initially assumed temperatures. 

At the feed stage, a little change in the simulated profile is 

observed. This may be attributed to the fact that entering 

feed affects the temperature profile at feed stage. This is a 
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TABLE I: AVERAGE COMPOSITION OF THE FEED

Component C3 𝑖C4 𝑛C4 𝑖C5 nC5 Total

FxF 5 15 25 20 35 100



commonly observed phenomenon. The profile exhibits 

temperature increase towards the bottom of the column.  Fig. 

7 presents the comparison of temperature profiles computed 

using various methods. From Fig. 7 it is noted that the 

inside out temperature profile is in accordance with the 

temperature profiles predicted by Lewis Matheson and 

CHEMCAD process simulator. Further it is also noted that 

the predictions by bubble point method are not in good 

agreement by rest of the three methods. 

 
Fig. 5. Outer loop convergence profile. 

This may be attributed to the fact that the mixture under 

study includes marginally wide range of boiling components 

and bubble point method is more suited to simulate systems 

containing narrow boiling range components.  

C. Liquid and Vapor Flow Rate Profile in the Column 

The liquid and vapor profile is presented in Fig. 8 and Fig. 

9 respectively. From the Fig. 8 and Fig. 9 it is observed that 

both liquid and vapor flow rates decrease   from the top 

stage towards the feed stage (from 1
st
 to 6

th
 stage). This 

implies that the assumption of constant inter-stage molar 

flow rates does not hold true in the rectifying section. 

 
Fig. 6. Assumed and computed stage wise temperature profile. 

Further it is observed that, sudden increase of the liquid 

flow rate occurs across the feed stage by an approximately 

equal amount to the feed rate because of the introduction of 

the feed as a saturated liquid. Since the feed is a saturated 

liquid the vapor rate changes slightly across the feed stage. 

Liquid and vapor profile computed using inside out 

method has been compared with the profiles obtained using 

bubble point method and CHEMCAD process simulator and 

are presented in Fig. 10 and Fig. 11 respectively. 

From the figures it is noted that the liquid and vapor 

profile obtained using inside out method is in good 

agreement with the profile obtained using CHEMCAD 

simulator but not with the profile obtained using bubble 

point method. This may be attributed to the reasons 

explained in the section above. 

 

Fig. 7. Comparison of stage wise temperature profiles with other methods. 

 
Fig. 8. Liquid flow rate profile in the column using inside out method. 

 

Fig. 9. Vapor flow rate profile in the column using inside out method. 

 

Fig. 10. Comparison of liquid flow rate profile in the column with other 

methods. 

 
Fig. 11. Comparison of vapor flow rate profile computed using inside 

out with other methods. 
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D. Liquid Composition Profile in the Column

As mentioned in the problem statement, the column is a 

butane pentane splitter and thus separation is between two 

key components viz. n-C4 and i-C5. Thus, these two 

components can be designated as the light key (LK) and 

heavy key (HK), respectively. Thus C3 and i-C4 are lighter-



1) Comparison of distillate composition computed 

using inside out with other methods 

Fig. 13 presents comparison of distillation composition 

computed using different methods. The distillate 

composition obtained using these methods is almost same 

except for component 3 and 5 where the composition  

slightly deviates from composition obtained using other 

methods.  

 
Fig. 12. Liquid composition profile computed using inside out method. 

 

Fig. 13. Comparison of distillate composition computed using different 

methods. 

* 1. Propane; 2. I-butane; 3- N-butane; 4. I-pentane; 5. N-pentane. 

 
Fig. 14. Effect of feed location on distillate composition computed using 

inside out method. 

2) Effect of feed location on distillate and bottom 

product composition 

It is noted that feed location between stages 4 and 6 is 

effective in achieving the desired split between LK and HK. 

Beyond these stage numbers the separation is ineffective.  

Therefore appropriate feed stage location can be selected 

according to the composition desired.  

 
Fig. 15. Effect of feed location on bottom product composition 

computed using inside out method. 

 

E. Condenser and Reboiler Duty Estimation  

The condenser and reboiler duties for the column under 

study have been estimated and are 2.55 × 10
6 
J/h and 3.53 × 

10
6
 J/h respectively.  

V. CONCLUSION 

The Performance analysis of distillation column for 

separation of multicomponent mixture has been carried out 

using equilibrium based (inside out) method and the results 

have been compared with the results obtained using Lewis 

Matheson method, bubble point method and using an SCDS 

column in CHEMCAD process simulator.  From the 

analysis, it is observed that the results obtained using the 

inside out method are in close agreement with Lewis –

Matheson method and CHEMCAD. It is further observed 

that inside out method is just as efficient as methods like 

Lewis-Matheson for simple columns but is more robust for 

complicated columns where Lewis-Matheson method fails 

to converge. Also the simultaneous correction techniques 

used by SCDS column in CHEMCAD has a greater 

convergence time compared to inside out method. The 

bubble point method failed to provide as accurate results as 

the inside out method and hence it can be said that the inside 

out is a better alternative to bubble point method. Finally it 

is concluded that better convergence time, accurate results 

and the ability to solve complicated columns make inside 

out method the preferred choice for multicomponent 

distillation operation.  

NOMENCLATURE 

αm,n = Relative volatility with respect to a base/reference 

component 

𝜖 = Damping factor  

Fn = Feed flow rate at stage n 

𝐹𝑚= Energy balance function/ Specification function to 

be converged using Newton Raphson  

fm,n =   Component feed flow rate at stage n 
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than-light key (LLK), and n-C5 is heavier than the heavy 

key (HHK). Each of these four designations exhibits a 

different type of composition profile curve as shown in Fig.

12. From the figure it is observed that liquid mole fraction 

of the light key (n-C4) decreases linearly and continuously 

from the top of the column to the bottom.

The inverse occurs for the heavy key (i-C5). Mole 

fractions of C3 (LLK) are almost constant over the rectifying 

section except near the top. Below the feed zone, C3 and i-

C4 rapidly disappears from liquid stream. Similarly the 

concentration of n-C5, the HHK component increase from 

top to bottom.

The Fig. 14 and Fig. 15 present the variation of LK and 

HK concentrations in distillate and residue respectively with 

the changes in feed stage location. 



hL= Real enthalpy for liquid 

hV= Real enthalpy for vapor 

hF = Enthalpy of feed 

Km,n= Liquid vapor distribution ratio for component m at 

stage  n 

Kb,n = Base component liquid vapor distribution ratio at 

stage n 

lm,n = Component liquid flow rate at stage n 

Ln = Liquid flow rate at stage n 

N = Total number of equilibrium stages 

Qn = Heat transfer rate at stage n 

𝑅𝐿𝑛
 = Liquid side stream withdrawal factor 

𝑅𝑣𝑛
 = Vapor side stream withdrawal factor 

Sm,n = Stripping factor for component m at stage n 

Sb, n = Base stripping factor at stage n 

Tn= Temperature at stage n 

Un = Liquid side stream flow rate at stage n 

Vn = Vapor flow rate at stage n 

vm,n = Vapor component flow rate at stage n 

Wn = Vapor side stream flow rate at stage n 

wm,n = weighing factor to be used in equation  

xm,n = mole faction of liquid component m at stage n 

𝑥= Iteration variable (Stripping factor/ Side stream factor) 

used to converge 𝐹𝑚
̅̅̅̅  

∆𝑥= Correction to the iteration variable  

ym,n = mole faction of vapor component m at stage n 
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